Abstract -By using the model of an optically bistable injection-locked semiconductor Fabry-Perot laser diode, we theoretically investigate the case of dual injection-locking, in which the two light signals are simultaneously externally injected into the cavity of a slave laser. We show that dual injection-locking leads to formation of new stationary points, i.e., to optical tristability of the slave laser. We analyze the range of injection power and frequency detuning for which this tristability occurs.
I. INTRODUCTION HE nature of injection locking (IL) yields many applications in the field of optical communications. This phenomenon is used for stabilization of high-power lasers [1] , but also for amplitude-squeezing and reduction of mode-partition noise [2] . In these applications reduction of different types of noise is achieved by locking, which is one of the possible outcomes of injection. Depending on the injection parameters, injection of light can lead to the complicated dynamics in the slave laser (SL) [3] , which can be used in chaos-based optical-communication systems [4] . However, an application of particular interest in this paper is realization of an all-optical flip-flop, which is possible by applying different approaches [5] , [6] .
We focus on the approach that uses unidirectional sidemode IL in Fabry-Perot laser diode (FPLD), in which dispersive bistability provides an S-type hysteresis curve [7] . The model of a particular SL based on a multi quantum well structure [7] , whose bistability has been experimentally confirmed [3] , predicts switching time shorter than 10 ps, as well as sub fJ switching energy, though not simultaneously, but at expense of one another [8] . Further analysis indicates that the two stable states, obtained by this approach, exhibit different characteristics. Stable state close to the free-running (FR) threshold carrier concentration n th , that is inherent to the laser even without IL, shows significant relaxation oscillations during the switching, as well as more complicated stability map than the other stable state, which is a consequence of IL. This led us to assume that introduction of another IL signal, to a different side-mode, could provide another stable state that would not exhibit those undesirable characteristics. If this were so, switching between the two stable states that emerge as a consequence of dual-IL could improve the efficiency of this method.
Authors are with the School of Electrical Engineering, University of Belgrade, Bul. kralja Aleksandra 73, 11120 Belgrade, Serbia (corresponding author M. Krsti , phone: 381-11-3218444; e-mail: marko.krstic@etf.bg.ac.rs).
In this paper we investigate the possibility of tristability (TS) occurrence as a consequence of dual-IL in FPLD. We set the multimode rate equation (MRE) model and, through the analysis of the carrier rate (dn/dt) versus the carrier concentration (n), i.e., phase plot, we find the range of injection parameters (injection power P m inj and frequency detuning m between the master and the slave laser for both IL modes m, and SL bias current I) in which a single IL bistability is expanded with additional stationary points, providing the possibility for a multistable SL. Parametric 4D tristability phase space shows that the occurrence of additional stationary states due to dual-IL is possible only when frequency detunings for side modes are sufficiently different. Moreover, we show that the volume of TS phase space (representing the tunabilty of SL) depends on the wavelength of the IL side modes, while the dependence on the SL bias current exhibits optimal value for maximal tunability.
Dual-IL in FPLD has been investigated before, mainly as a mechanism that provides all-optical wavelength switching in wavelength division multiplexing [9] . However, to the best of our knowledge, dual-IL that leads to dispersive tristability is a novel approach.
II. THEORETICAL MODEL

A. Multimode rate equations
To describe the nonlinear dynamics in the slave laser that occurs upon IL, a system of MREs was used [7] . In the FR regime, this system consists of the nonlinear differential equations (1)- (3), which describe the rates of changes of the carrier concentration n, photon density S j in each supported longitudinal mode j, and the phase difference m between FR and IL case for the mode m (i.e., the phase difference between FR slave and master laser), respectively. In the case of IL mode m, we need to take into consideration the coupling of photon density and phase of the injected light with already present photon density and phase of the mode of injection m:
In equations (1) 978-1-4799-6191-7/14/$31.00 ©2014 IEEEmode m, g(n, ) is the material gain at the angular frequency , Q = A SRH n + R sp (n) + C A n 3 is the total recombination rate, B = sp R sp (n) is the effective spontaneous emission, R sp (n) represents the spontaneous recombination rate, and A j is the effective rate of stimulated photon generation:
Other parameters and their values are given in Table I .
Previous analysis [7] shows that the side modes in the vicinity of the central mode [mode with the highest gain g(n, ) at n = n th ] are significantly more important for model precision than the side modes that are further apart. Therefore, in order to expedite the calculation, instead of considering all supported modes (ASM) for which g(n th , ) > 0, we choose a subset J out of ASM, that we include in the MRE system. Since we want to consider injection, let M be a subset of J that consists of the IL modes. Note that the number of elements in M ranges from 0, in the FR case, to 2, in the case of dual-IL.
In order to calculate dn/dt versus n we need to calculate S j for every mode in J. We do this by solving the stationary form of (2), for every mode that is not in M. To calculate the S m for IL modes that are in M, we need to solve a quadratic equation obtained from the stationary forms of (2) and (3). This leads to an ambiguity (S m ± ) that has no valid physical explanation. The issue is resolved in the same manner as in [7] , by choosing the higher value S m = S m + , since S m is in the order of magnitude of spontaneous emission. Now that we have calculated all the S j (including S m ) we obtain a phase plots dn/dt versus n using (1). This plot will be our main focus as it provides insight into stability of the SL.
B. Method of tristability range determination
Before we discuss the numerical model in detail, it is important to understand how IL affects the phase plot (Fig.  1) . In the FR case [dash-dot line in Fig. 1(a) ], phase plot exhibits only one stationary point, n st (3) = n th . Introduction of IL in the mode M = { 5} at long-wavelength side with respect to the central mode, creates a valley in the phase plot (solid lines), that can lead to occurrence of two new stationary points -n st (1) and n st (2) , as well as to a reduced value of n st (3) < n th [7] . Analysis shows that n st (2) is different from the other two stationary points in terms of stability [3] . Stability of a stationary point can be read from the phase plot slope at that point. If the system should enter n st (2) and a small perturbation should happen that would lead to a slight decrease in concentration, by reading the phase plot we can see that the rate of concentration change dn/dt would become negative, causing a further decrease in concentration that would lead the system away from n st (2) and into n st (1) . By analogy, a perturbation that would increase the concentration, would lead the system into n st (3) Hence n st (2) is a repulsive stationary point, unlike n st (1) and n st (3) , that act as attractive stationary points and can be stable in terms of the small signal analysis (depicted with arrows on the phase plot for P 5 inj = 17 dBm). Detailed stability examination, based on the eigenvalue analysis [3, 7] , shows that there is a region of injection power and frequency detuning in which n st (1) and n st (3) are both stable -hence these parameters provide bistability (BS).
By following the valley minima, Fig. 1(a) shows how change in P 5 inj affects the phase plot. Region of interest, where BS occurs, is shaded gray and it corresponds to P 5 inj = ( 18.76, 13.97) dBm range. In this BS region, change in P 5 inj results in a change of the valley depth, without changing the valley minima position with respect to n. The same is not true for a change in detuning 5 as Fig. 1(b) shows. Minus sign in the detuning value means that the frequency of injected light is lower than the frequency of the mode of injection. Note that detuning of 5 = 5 ( = 10 10 rad/s) is lower than 5 = 7 since it denotes an injection frequency closer to the frequency of the mode of injection. This means that, in the BS region, phase plot valley becomes shallower with higher detuning m [c.f. Fig. 1(b) ], and in order to deepen it back, it is necessary to increase the injection power P m inj [c.f. Fig. 1(a) ]. Analysis of the entire range of injection parameters shows that this conclusion is true in general [7] . The third parameter of injection, IL mode m, does not have a big impact on the phase plot, in the range of 10 to 10. It tends to shift the entire valley slightly towards the higher n, without altering its shape significantly. In summary, there are two important conclusions that come from analyzing Fig. 1 : (i) we can shift the valley towards the higher n with lower (less negative) m , and (ii) in the region with several stationary points, higher (more negative) m requires higher P m inj in order to achieve BS. Based on the previous analysis of single side-mode IL, it is expected that injection of the second optical signal will create another valley in the phase plot, providing two additional stationary points -five in total. Fig. 2 shows how injection in a second mode creates n st (3) and n st (4) , out of which only n st (3) is stable, in addition to the other two stable stationary points n st (1) and n st (5) -hence tristability. Since n st (5) (similar to n st (3) in the case of single IL) is always close to n th we can say that it is inherent to laser in the FR case, while n st (1) and n st (3) are consequences of IL. Based on (i), one can deduce that the valley on the right (higher n) comes from injection in mode m = 5, because this injected signal has a lower m . Conclusion (ii) also holds true, as the injected signal with higher m (m = 5) has higher P m inj . Having proved that dual-IL can provide extra stationary points, and thus provide TS, our goal is to determine the range of injection parameters for which this occurs. Due to another injected signal in the case of dual-IL, in order to determine the TS range 7 injection parameters need to be simultaneously varied. These parameters are: SL bias current I, and 3 parameters for each injected signal -mode of injection m, detuning m , and injected power P m inj . Bias current from I = 1.2I th to I = 5I th is considered. Injection is performed in modes ranging from m = 10 to m = 10. P inj is varied from 30 dBm to 15 dBm, where the upper limit is chosen so that the nonlinear gain suppression is not triggered. Considering that intermodal space of the SL is 89.7 , and that the positive detuning is of no interest [3, 7] , we considered detuning from 0 to 44 ( 89.7 /2). For each set of parameters we then calculate the number of stationary points that occur in phase plot. Since m and P m inj are of particular interest, we chose a denser discretization of 40 equidistant points for these parameters.
III. TS OCCURRENCE RANGE AND ITS QUANTIFICATION
Our main interest and the key result of this paper is the range of parameters for which TS occurs. The goal is to recognize conditions for obtaining larger SL "tunability", meaning that TS occurs for wider range of injection parameters.
Instead of finding a way to visualize 7D data, which proves to be ineffective, we quantify the volume of 4D phase space (defined with m and P m inj for each of two IL modes m) with respect to remaining 3 parameters. This allows us to see how SL bias current and the choice of IL side modes affect the range of TS tunability. Since points in range of m and P m inj are equidistant for both injected modes, we calculate the volume of one point in 4D phase space as a product of step between two nearest points in every dimension, or V point = P m1 inj P m2 inj ( m1 ) ( m2 ). Entire volume of TS that a set of 3 remaining parameters define is then calculated as V = (number of points in 4D phase space) V point . This allows us to compare different volumes and thus quantify the tunability that the chosen SL bias current and IL side-modes provide. Fig. 3(a) shows an example of 4D phase space of TS for injection into M = { 5, 5}, at I = 3I th . Corresponding side views of 4D phase space are given in Figs. 3(b) and (c).
The difference between the values of the frequency detunings in IL side-modes is a limiting factor for the TS occurrence, since TS cannot be obtained when the frequency detuning for both injection signals is equal, or close to equal, i.e. m1 m2 [c.f. Fig. 3(b) ]. The reason for this lays in the way that valley of the dn/dt versus n phase plot shifts with a change in m , as explained in the Fig. 1 . In order to add extra stationary points in the phase plot, two valleys have to be sufficiently separated so they cannot merge into one valley, thus providing two, instead of four stationary points. Furthermore, it can be seen that the greater detuning corresponds to the greater "forbidden TS area" where TS does not occur.
In addition to this, we analyze where in the P m inj versus m space (corresponding to the one of the injected signals) TS occurs [c.f. Fig. 3(c) ]. This space has been closely inspected in case of the single injection [7] , and it was shown to provide BS in an area that resembles a tip of a curved sword, with ever-expanding width. Fig. 3(c) shows that dual injection resembles this familiar shape, now affected also by the second injection power.
In order to quantify and measure the tunability of the slave laser under the dual-IL, we present normalized volumes for different values of SL bias current I and different pairs of IL side-modes (Fig. 4) . Volumes are normalized with respect to the maximal calculated volume (V max ) which is found for injection into M = {0, 5}, at I = 3I th . The plot shows that increase in I, provides an increase in tunability, i.e., greater volume, but only up to I = 3I th , where the system shows the largest tunability, regardless of the chosen injection modes. The explanation for these local maxima lies in the fact that larger bias currents require stronger injection powers, which imply more negative values of m in order to achieve TS. However, for sufficiently large bias currents, this negative value of m exceeds the boundaries of the intermodal space, hence in this case we assume that there is no occurrence of multistablity, which leads to the volume shrinkage for currents above 3I th . Closer inspection of Fig. 4 shows that pairs of positive modes of injection M = {0, 5} and {5, 10} provide more tunability (greater volume) than the corresponding pairs of negative modes M = {0, -5} and {-5, -10}. Further the modes are from the central mode, as is the case for M = {5, 10}, less tunability they provide, which can be seen in Fig. 4 , by comparing with M = {0, 5}. Greater tunability for positive modes (shortwavelength) is an effect inferred from the single injectionlocking [7] , where it can be seen that the region of bistability is larger in the case of positive longitudinal modes, and reduces as modes are shifted away from the central one. Larger tunability of the positive modes in comparison to equivalent negative ones, is a consequence of the asymmetric gain profile in favor of positive modes, which are more easily triggered by the injection due to the smaller gain defect. Smaller gain defect is also responsible for lager tunability of the modes in the vicinity of the central longitudinal mode.
IV. CONCLUSION Dual injection-locking imposes itself as an efficient mechanism for achieving optical tristability. In this paper we show that for a certain range of injection parameters, as a consequence of dual injection-locking, slave laser can have up to 5 stationary points, 3 of which can be stable. As in the case of single injection-locking, where we perform switching between two stable states [8] , switching between these three states can also be performed by variation of injection power or frequency detuning.
The main focus of the paper is an investigation of the phase space in which tristability exists. In the paper we analyze the influence of injection parameters on the phase space in order to achieve maximal slave laser flexibility, i.e. "tunability" in terms of tristability occurrence. We show that values of the frequency detunings limit the possibility of achieving slave laser tristability, i.e. tristability cannot be achieved for close values of the two frequency detunings. Furthermore, we show that the bias current impacts the volume of the parametric space for which the tristability exists, making this volume the largest for 3I th , and thus providing the largest tunability. In addition to this, positive (short-wavelength) longitudinal modes provide larger tunability in comparison to the negative longitudinal modes (long-wavelength). The tunability becomes larger as injection mode becomes closer to the central longitudinal mode. 
